We establish the uniqueness and the blow-up rate of the large positive solution of the quasi-linear elliptic problem 
Introduction
Let Ω ⊆ R N (N 2) be a smooth bounded domain. We consider the uniqueness and the blow-up rate of the large solutions of the quasi-linear elliptic problem with singular boundary value condition as follows: The problem (1.1a-c) appears in the study of non-Newtonian flows, chemotaxis, and biological pattern formation etc. For example, in the study of non-Newtonian flows, the constant p in (1.1a) is a characteristic of medium. Media with p > 2 are called dilatant fluids and those with p < 2 are called pseudo-plastics. If p = 2 they are Newtonian fluids (see [8] and the references therein). Especially when p = 2, the problem (1.1a-c) becomes as follows: and it has been studied extensively. Next let us recollect some related results. In 1916, Bieberbach [3] studied the large solutions for the particular case − u = − exp(u) with conditions (1.2b-c)
in smooth bounded two-dimensional domains, and showed that there exists a unique solution such 
Recently, the uniqueness of solutions for (1.2a-c) with h(u) = u q (q > 1) on bounded domains or the whole space R N was discussed in many papers (see e.g., [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] ). The results can be summarized as follows: under the assumption
with γ > 0 and ζ > 0, an explicit expression for the blow-up rates of solutions of (1.2a-c) was obtained in [10] and [12] 
. By using the localization method of [17] , it was shown in [17, 22] that (1.2a-c) with h(u) = u q , q > 1 has at most one blow-up solution for the case when γ and ζ vary along ∂Ω. Further improvements of these results can be found in [5, 6, 18, 21, 23, 25, 26] and the references therein.
The radial case of the problem (1.2a-c) on a ball domain B R (x 0 ) with h(u) = u q was studied by López-Gómez [18] , and the author obtained the existence and uniqueness of a solution and also established the exact boundary blow-up rate for less restrictions on the weight function b, which is a positive non-decreasing function with b(0) = 0, b (r) 0. The author also extended the results to a general domain by adopting the localization method [17] . Later on, Cano-Casanova and López-Gómez improved the results in [18] for h(u) = u q to a general function h(u) which satisfies the KellerOsserman condition [14, 20] and h(u) ∼ Hu q (H > 0 is a constant and q > 1) for sufficiently large u [5, 6] . In [21] , the authors also considered the problem (1.2a-c) with h(u) = u q on a ball domain B R (x 0 ), but the decay rate of the weight function b(x) was not assumed to be approximated by a distance function near the boundary ∂Ω, i.e., no assumption as b Uniqueness and blow-up rates of solution of (1.2a-c) in general domains was also obtained in [22] by combining the localization method with the results in [21] . Also see [25, 26] for more results in the direction of general function h(u) in (1.2a-c).
It is often important to know what properties are retained when linear diffusion (p = 2) which corresponds to the Laplace operator is replaced by nonlinear diffusion (p = 2) which corresponds to the degenerate p-Laplace operator. We want to point out that it is not always possible to extend the results from Laplace operator to the degenerate p-Laplace operator (as many examples have already demonstrated); and even if such an extension is possible, one usually has to overcome many nontrivial technical difficulties since many nice properties inherent to the Laplace operator seem lost or difficult to verify once p = 2. We refer the readers to [9] for the existence of large positive solutions of the problem (1.1a-c). In this paper, we are interested in the uniqueness and the blow-up rate of solutions to the problem (1.1a-c). Our main theorem extends the results obtained in [25] for the problem (1.2a-c) to the case 2 p < ∞ and can be stated as follows.
Theorem 1.1. Consider the radially symmetric quasi-linear elliptic equation
, and 
The nonlinear function h(u) satisfies: 
Therefore problem (1.3a-c) possesses a unique positive large solution u(x) in B R (x 0 ).
Some preliminary results
At first let us present some lemmas which will be used in the proof of Theorem 1.1. The following lemmas are mainly from [9] with some notation modifications. Similar results for p = 2 can also be found in [7, 10, 9, 17, 19] .
Consider the problem
where Ω is a smooth bounded domain in R
hold in the sense of distribution, and u φ u on ∂Ω, then u(x) u(x) on Ω.
Remark. We refer the readers to [13] and [16] for maximum and comparison principles for elliptic equations involving p-Laplacian. This lemma can be proved similarly to the proof of Lemma 1.1 in [19] (see also [9] and [4] ), that goes back to Benguria, Brezis and Lieb [2] . For convenience, next we give a proof. 
Proof of Lemma 2.1. By the hypotheses in (2.2), we have
Because w 1 and w 2 vanish near ∂Ω,
Let 2 > 1 > 0 and denote
Since v i can be approximated arbitrarily closely by C 1 functions vanishing near ∂Ω, we see that (2.6) holds when w i is replaced by v i . Denote
We note that the integrands in (2.6) (with w i = v i ) vanish outside this set. Then the left-hand side of (2.6) is
dx.
Let the above equality be
Then the inequality (2.6) becomes
Note that J 1 and J 2 are non-positive. As 2 > 1 → 0, the second term on the right-hand side of (2.9)
converges to 0 and the first term on the right-hand side of (2.9) converges to 
u(x) = +∞, 
We note that u = 0 is a sub-solution of (2.1), while u = L is a super-solution of (2.1) if L is large enough, so (2.1) has at least a solution u φ . Thus the proof of Lemma 2.2 follows exactly the same arguments as in the proof of Theorem 3.2 in López-Gómez [18] and it is omitted for brevity: consider
on ∂Ω n and we make n → ∞ through a diagonal process. The limit of the diagonal sequence provides us with a solution satisfying all the required conditions.
Proof of Theorem 1.1
Next we consider the corresponding singular problem in one dimension
We first show that for each > 0, problem (3.1) has a positive large solution ψ such that 
In order to prove (3.2), we construct a super-solution and a sub-solution of (3. (3.5) i.e.
By the assumption (A2) on h, it is easy to see that for the same > 0,
for all r ∈ [0, R) by choosing A sufficiently large, say A A 0 . The inequality (3.6) holds if 
Multiplying both sides of this inequality by
and taking into consideration that β = p 2(q−p+1)
, we have Next, we construct a sub-solution with the same blow-up rate as the above super-solution. Due to the assumption (A2) on h, for u A 0 large,
For given A 0 > 0 and 0 < R 0 < R, we consider the auxiliary problem
By the assumptions on b and h, we have min
Then it is easy to know that
provides us with an ordered sub-super-solution pair of (3.9). Thus (3.9) possesses a solution
For each > 0 sufficiently small, we claim that there exists 0 < C < A 0 for which the function
provides a sub-solution, where R 0 and C are to be determined later and
which is strictly bigger than zero in (0, R). It follows that f C (r) is increasing and
By the continuity of f C (r) and the intermediate-value theorem, there exists a unique Z = Z (C) ∈ (0, R) such that
Moreover, Z (C) is decreasing and
, and then the in- 
By using the fact h(ψ (r)) (1
Taking r → R, it becomes
It is easy to see that a constant δ = δ( ) > 0 exists for which the inequality (3.10) is satisfied in [R − δ, R), then we choose C such that Z (C) = R − δ( ) (therefore R 0 = R − δ( )). For this choice of C , it readily follows that ψ is a sub-solution to the problem. 
Proof of uniqueness. The proof of uniqueness basically follows the proofs in [10, 12, 25] . Let u be an arbitrary solution of (1.3a-c) with assumptions on nonlinear function h(u) and weight function b as in Theorem 1.1. We first show that
Consequently, for any pair of solutions u, v of (1.3a-c)
In doing so, for any > 0, there exists a radially symmetric positive large solution u of (1.3a-c) satisfying (3.3). Choose 0 < δ < 
with u an arbitrary fixed solution to (1.3a-c) since
. In addition, the auxiliary problem (3.11) has v = u as its unique solution. Since 0 is a sub-solution (h(0) = 0 by the assumption 
